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Abstrat
Using the "Mathematia" program we alulate numerially the
dierene of the diagonal matrix elements of the time dependent ee-
tive Hamiltonian for the neutral K meson omplex. We onsider the
exatly solvable neutral K meson model based on the one-pole approx-
imation for the mass density. Some harateristi parameters for this
system are also alulated. The results of all alulations are presented
in the graphial form. The alulations are made assuming the total
system is CPT  invariant and CP  noninvariant.
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1 Introdution
This paper is a ontinuation of [1℄. There will be used the same notation
and the same experimental data: mS ≃ mL ≃ maverage = 497.648MeV,
∆m = 3.489 × 10−12MeV, τS = 0.8935 × 10
−10s, τL = 5.17 × 10
−8s, γL =
1.3× 10−14MeV, γS = 7.4× 10




dierene (h11(t) − h22(t)) of the diagonal matrix elements of the eetive
Hamiltonian, H‖(t), where hjk(t) = 〈j|H‖(t)|k〉 (j, k = 1, 2) was estimated in
[1℄ for the onsidered model for the neutral kaon system in the ase when the
total system is in CPT  invariant but CP  noninvariant. The mentioned
dierene of the diagonal matrix elements was alulated assuming that the
mass density for the neutral kaon system is given by the one-pole approxima-
tion (see [2℄ and equations (42) and (43) in [1℄). The results were obtained
analytially (equations (68), (69) and (70) in [1℄). We found in [1℄ that
ℜ(h11(t ∼ τL)− h22(t ∼ τL)) ≃ −4.771× 10
−18MeV , (1)
ℑ(h11(t ∼ τL)− h22(t ∼ τL)) ≃ 7.283× 10
−16MeV (2)
and






These result lead to the onlusion that in a CPT invariant and CP noninvari-
ant system in the ase of the one-pole model, the diagonal matrix elements
do not have to be equal, whih agrees with the general result obtained in [3℄.
In the general ase the diagonal matrix elements depend on time [1, 3℄ and
their dierene, e.g. for t ∼ τL, is dierent from zero. From this, we an draw
to the onlusion that the measurement of the dierene of masses (mK0 −
mK¯0) should not be onsidered as CPT invariane tests. The mentioned
property shows that the onlusion following from the Lee, Oehme and Yang
approximation [4℄, that CPT symmetry is onserved only if (mK0−mK¯0) = 0
is not true beyond this approximation.
The detailed analysis of the matrix elements of the eetive Hamilto-
nian for the K0 − K¯0 system shows that the non  zero dierene between
the diagonal matrix elements of the eetive Hamiltonian in the onsidered
model is aused by the non-osillatory terms in the expressions for the de-
ay (transition) amplitudes K0 ←→ K0, K¯0 ←→ K¯0 K0 ←→ K¯0 (and in
the expressions for their time derivatives) by means of whih these matrix
elements were expressed. It is not diult to verify that dropping all these
non-osillatory terms leads to the zero dierene of the diagonal matrix ele-
ments of the eetive Hamiltonian in the onsidered ase.
The numerial result that the dierene of the diagonal elements of the
eetive Hamiltonian in the system of neutral kaons is dierent from zero
seems to be very important, beause it was obtained in the exatly solvable
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one-pole model, based on the Breit  Wigner ansatz, i.e. the models the
same type as Weisskopf  Wigner and Lee, Oehme and Yang models.
In Setion 2 are olleted in short formulae for matrix elements of the
eetive Hamiltonian neessary for further analysis. In Setion 3 the value of
the dierene of the diagonal elements (h11(t)− h22(t)) alulated at t = τL
with the help of the " Mathematia" program is given. Also in this Se-
tion the time dependenes of the real and imaginary parts of the diagonal
matrix elements of the eetive Hamiltonian (h11(t) − h22(t)) in graphial
form is given. In Setion 4 the eigenvalues of the eetive Hamiltonian
µL(t), µS(t) are alulated and the parameters of the violation of the CP
symmetry εL(t), εS(t) are estimated. We also show there graphially the
time dependenes of all the alulated quantities. In Setion 5 we hek
the orretness of our results by verifying known from the literature relation
(µL(t)+µS(t) = h11(t)+h22(t)). Setion 6 ontains a disussion of the results
obtained in Setions 3  5 and some remarks onerning the experiments with
neutral kaons.
2 Matrix elements of the eetive Hamiltonian
General onlusions onerning properties of matrix elements of the eetive












where H is the total Hamiltonian and ρjk(E), (j, k = 1, 2) is the energy
density (see [1℄, relations (40) - (46)).
Using (4), one an alulate all the matrix elements of the eetive Hamil-























































detA(t) = A11(t) ·A22(t)− A12(t) · A21(t). (10)
3 The dierene of the diagonal matrix ele-
ments (h11(t)− h22(t))
This and next Setions ontains results whih were obtained within the use
the "Mathematia" program.
Assuming that the CPT symmetry is onserved in the system under on-
siderations ([CPT,H ] = 0) and using the neessary relations from [1, 2, 3℄
one nds the general form of the dierene of the diagonal matrix elements
















and detA(t) is dened in (10).
Our analytial result in the one-pole approximation obtained in [1℄ for
t = τL an be written as
h11(τL)− h22(τL) ≃ (−4.771× 10
−18 + i · 7.283× 10−16)MeV. (13)
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The numerial result for t = τL in the one-pole approximation obtained
using the "Mathematia" program has the following form
h11(τL)− h22(τL) ≃ (−7.129× 10
−17 + i · 1.986× 10−13)MeV. (14)
It is seen, that the dierene between (13) and (14) is small and it is prob-
ably aused by the eet of "too muh approximations" in "Mathematia".
No approximations have been used in the analytial alulations.
Putting Ajk(t) (j, k = 1, 2) given by (5) into (11) and dening the energy
density ρjk(E) as in [1℄ (see [1℄ relations (40) - (46)), the dierene (h11(t)−
h22(t)) an be alulated as the time funtion. The results of our alulations
an be presented in a graphial form. All gures are made with the use of the
"Mathematia" program. These gures shows the time dependenes of the
real part and imaginary parts of the diagonal matrix elements of the eetive
Hamiltonian (h11(t)− h22(t)).








Fig.1a The time dependene of the real part of the diagonal matrix elements of the
eetive Hamiltonian y = Re(h11(x) − h22(x)) in the range x ∈ (0.001, 1). Here,
we have introdued dimensionless variable x = γL
~
· t.
Note that in Fig.1a we have got Re(h11(t) − h22(t)) = Re(h11(τL) − h22(τL))
for x = 1.
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Fig.1b The time dependene of the real part of the diagonal matrix elements of
the eetive Hamiltonian y = Re(h11(x) − h22(x)) in the interval x ∈ (1, 103).
Here: x = γL
~
· t.
At this point one should explain, that a more aurate analysis of the results
of the alulations whih lead to Fig.1b and Fig.1a and the use of a larger sale
shows that the obtained urves are not so smooth as an be seen in Fig.2b and
Fig.2b but they are similar to urves in Fig.2b and Fig.2b.
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Fig.2a The time dependene of the imaginary part of the diagonal matrix elements
of the eetive Hamiltonian y = Im(h11(x)−h22(x)) in the interval x ∈ (0.001, 1),
where x = γL
~
· t.










Fig.2b The time dependene of the imaginary part of the diagonal matrix elements
of the eetive Hamiltonian y = Im(h11(x) − h22(x)) in the interval x ∈ (1, 103),




4 Calulation of µL(t), µS(t) and εL(t), εS(t)
The eigenvalues of the eetive Hamiltonian µL(t), µS(t) an be written as [5℄
µL(t) = ho(t)− h(t), (15)





· (h11(t) + h22(t)), (17)
h(t) =
√





· (h11(t)− h22(t)). (19)
From (15) and (16) we have
µS(t) + µL(t) = h11(t) + h22(t) ≡ Tr(H‖(t)). (20)
The relation (20) does not depend on any approximations and it is always fullled
for every (2 × 2) matrix. Inserting (6) - (9) into (15) and (10) and then using (5)
and performing all integrations of type (5) one an obtain for t = τL
µL(τL) ≃ (497.648 − i · 4.458 × 10
−13)MeV, (21)
and
µS(τL) ≃ (497.648 − i · 2.471 × 10
−13)MeV. (22)





The results of our alulations for the real part and imaginary part in (21) and
(22) are rounded to the third deimal plae. We have to note that the real part in
(21) and the real part in (22) begins dierent with the fourteenth deimal plae.
The above mentioned result orresponds to the fat, that mS 6= mL and there is
|mL −mS | ∼ |γS |, [6, 7℄.
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The time dependenes of µL(t) and µL(t) is given below.










Fig.3 The time dependene of the real part of µL(x) : y = Re(µL(x)) in the inter-
val x ∈ (0.001, 103), where x = γL
~
· t.
Expansion of sale on Fig.3 and Fig.4 shows, that ontinuous utuations
with amplitudes of the order of 10−14 appear.
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Fig.4 The time dependene of the real part of µS(x) : y = Re(µS(x)) in the interval
x ∈ (0.001, 103), where x = γL
~
· t.






Fig.5 The time dependene of the imaginary part of µL(x) : y = Im(µL(x)) in the














Fig.6 The time dependene of the imaginary part of µS(x) : y = Im(µS(x)) in the
interval x ∈ (0.001, 103), where x = γL
~
· t.
We have following formulae (see, e.g. [5℄)
εL(t) = −
h21(t)− h22(t) + µL(t)
h21(t) + h22(t)− µL(t)
(24)
εS(t) = −
h21(t) + h22(t)− µS(t)
h21(t)− h22(t) + µS(t)
(25)
and we get for t = τL
εL(τL) ≃ −1.0000000000184743
′ + i · 0.0′ (26)
and
εS(τL) ≃ 1.0000157759810688
′ − i · 0.0′ (27)
The time dependenes of εL(t) and εS(t) are presented below.
11







Fig.7 The time dependene of the real part of εL(x) : y = Re(εL(x)) in the interval
x ∈ (0.001, 103), where x = γL
~
· t.







Fig.8 The time dependene of the real part of εS(x) : y = Re(εS(x)) in the interval




Expansion of sale on Fig.7 and Fig.8 shows, that ontinuous utuations
with amplitudes of the order of 10−12 appear here.







Fig.9 The time dependene of the imaginary part of εL(x) : y = Im(εL(x)) in the
interval x ∈ (0.001, 103), where x = γL
~
· t.








Fig.10 The time dependene of the imaginary part of εS(x) : y = Im(εS(x)) in








· (εL(t) + εS(t)) (28)
we have for t = τL
ε(τL) ≃ 7.888 × 10
−6 − i · 0.0′. (29)
The absolute value of ε(τL)
|ε(τL)| ≃ 7.888 × 10
−6. (30)
The gures belove are made by means of the " Mathematia" program too.
They present the time dependenes of the absolute value of ε(t).








Fig.11 The time dependene of the absolute value of ε(t): y = |ε(t)| in the interval









Fig.12 The time dependene of the absolute value of ε(t): y = |ε(t)| in the interval
x ∈ (1, 103), where x = γL
~
· t.
5 Veriation of the relation µL(t)+µS(t) = h11(t)+
h22(t)
All results in this Setion are rounded to the deimal third plae.
In aordane with formulae ((21), (22)) for t = τL we have
µL(τL) ≃ (497.648 − i · 4.458 × 10
−13)MeV,
µS(τL) ≃ (497.648 − i · 2.471 × 10
−13)MeV
and the orresponding matrix elements of the eetive Hamiltonian (formulae (6)-
(9)) an be written for t = τL as
h11(τL) ≃ (497.648 − i · 2.471 × 10
−13)MeV, (31)
h12(τL) ≃ (1.787 × 10
−23 − i · 6.401 × 10−24)MeV, (32)
h21(τL) ≃ (−1.799 × 10
−23 − i · 5.127 × 10−24)MeV, (33)
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h22(τL) ≃ (497.648 − i · 4.458 × 10
−13)MeV. (34)
For t = τL we get
µL(τL) + µS(τL) = h11(τL) + h22(τL) ≃ (995.296 − i · 6.929 × 10
−13)MeV. (35)
The relation (20) is also fullled at t = τS
µL(τS) + µS(τS) = h11(τS) + h22(τS) ≃ (995.296 − i · 9.623 × 10
−14)MeV. (36)
Comparing (35) with (36) we an see that
µL(τL) + µS(τL) 6= µL(τS) + µS(τS). (37)
It is interesting to notie that
µL(τL) + µS(τS) ≃ (995.296 − i · 5.234 × 10
−13)MeV, (38)
µL(τS) + µS(τL) ≃ (995.296 − i · 2.658 × 10
−13)MeV, (39)
h11(τS) + h22(τL) ≃ (995.296 + i · 4.644 × 10
−13)MeV, (40)
h11(τL) + h22(τS) ≃ (995.296 + i · 3.247 × 10
−13)MeV, (41)
From our alulations it follows that the real parts of the formulae (38)  (41)
begins dierent with twelfth or thirteenth deimal plae. This means that
µL(τS) + µS(τL) 6= µL(τS) + µS(τS), (42)
µL(τS) + µS(τL) 6= µL(τL) + µS(τL), (43)
µL(τS) + µS(τL) 6= µL(τL) + µS(τS), (44)
µL(τS) + µS(τL) 6= h11(τS) + h22(τS), (45)
µL(τL) + µS(τS) 6= h11(τL) + h22(τL), (46)




First, let us notie that in the onsidered model some relations assumed in [2℄ and
allowing to perform integrations of type (5) are not fullled in the K0− K¯0 system
(see [2℄, Se. 5). These relations were used also in [1℄. Next a drawbak of our
model is that at t = 0 we obtain h11(t = 0) =∞ and h22(t = 0) =∞. However, this
model allows to study all the onsequenes of the Khaln Theorem and theorems
onsidered in [3℄. Bearing in mind the limitations of our model mentioned above
one should not expet that our alulations based on this model will result in an
exat reonstrution of all experimental parameters haraterizing the neutral K
meson system.
Results obtained in Setion 3 suggest that the real part of the dierene (h11(t)−
h22(t)) is dierent from zero for t > 100τL. Moreover, after division by maverage,
this dierene is only a little smaller from the orresponding experimental value
[6℄. The imaginary part of (h11(t) − h22(t)) turned out to be dierent from zero
too. However, this part osillates about 2 · 10−13 MeV very fast.
Results in Setion 4 show that the imaginary parts of parameters µL, µS and
εL, εS vary in time too. We an say the same about their real parts. The osillation
amplitude is of the order of 10−13 for Im (µL(S)) and it is smaller than 10
−27
for
Im (εL(S)). The real parts Re (µL(S)) and Re (εL(S)) osillate in a similar way as
their imaginary parts and this is the reason why one annot show these osillations
in our gures. The parameter ε (28) is also a quantity varying in time as we an
see from the graphial results (see Fig.11 and Fig.12). The absolute value of |ε|
osillates about 8 · 10−6.
In Setion 5, the relation (20) was investigated. We know, from general on-
siderations, that it has to be fullled for every time t irrespetive of whether we
onsider a approximate model of neutral K meson system or we investigate the
exatly solvable model of this system. The onsidered mathematial results show,
that the left side of equation (20) is the same as its right side for t = τl, t = τS .
A similar mathematial result was obtained for other times. From relation (37) it
follows that the left side of equation (20), as well as its rights side, is not onstant
in the time.
Relations (38)  (47) show, that equation (20) is no longer fullled if the sep-
arate omponents of sums appearing in its left and right side whih are taken at
dierent moments of the time and substituted to the equation. From this observa-
tion and from results in Setion 4, we an draw an important onlusion. Before we
formulate this onlusion note that an experimental system ontaining detetors
whih register the neutral K meson deay produts an be shematially presented
as in Pit. 1.
This piture presents a longitudinal setion of a ylindrial vauum hamber.
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A K meson stream is red at this hamber along a horizontal axis l on the left
side. Detetors D sourrding the hamber form its walls. These detetors register
the neutral K meson deay produts. In the rst region of this hamber (I), we
observe a great amount of the deay produts of neutral kaons into two pions
(KS −→ 2pi). In the seond region of this hamber (II), we usually observe a
great amount of the deay produts of neutral kaons into three pions (KL −→ 3pi).
We an interpret the l axis as a path in an uniform straight - line motion of
neutral kaons, whose deay produts are registered by detetors D. We an write
lI = vKS · τS in the rst region (I) and lII = vKL · τL in the seond region (II)
(where vKS(L) is the kaon KS(L) speed). One an also obtain (for omparison) :
l
′
I = c · τS = 0.026805 m and l
′
II = c · τL = 15.51 m (c = 3 × 10
8 s - the speed of
light in vauum, τS = 0.8935 × 10
−10 s a τL = 5.17 × 10
−8 s)
Let us now return to the above mentioned onlusion. From (38)  (47) and
from results presented in Setion 5, it follows that only these parameters an or-
retly reet real properties of neutral K system whih are alulated using only
data obtained from a ring of detetors limited by distanes (l, l+∆l). Sine t ∼ l,
the events are registered between t, t+∆t from the initial instant. Of ourse, ∆l
should be as small as possible. In other words one should not use the experimen-
tal data whih were obtained from the registration of the neutral K meson deay
produts to our alulations if these neutral K meson deay produts ome from
dierent and distant parts of a measurement set in Pit. 1. For example, one
should not use the experimental data whih were registered by the D detetor in
the region where t ∼ τS and the experimental data whih were registered by the D
detetor in the region where t ∼ τL at the same time, i.e. simultaneously. If this
rule is not observed, it may turn out, that the obtained values µL(S) (obtained on
the basis of parameters measured in this way) will not satisfy the onsisteny hek
given by (20). Of ourse, in order to hek the onsisteny of the experimental re-
sults with (20) the experiment should be onduted in suh a way that both sides
of (20) an be found in independent measurements. Then one will obtain both the
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